Direct link between Coulomb blockade and shot noise in a quantum coherent structure 
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We analyze the current-voltage characteristic of a quantum conduction channel coupled to an 
electromagnetic environment of arbitrary frequency-dependent impedance. In the weak blockade 
regime the correction to the ohmic behavior is directly related to the channel current fluctuations 
vanishing at perfect transmission in the same way as shot noise. This relation can be generalized 
to describe the environmental Coulomb blockade in a generic mesoscopic conductor coupled to an 
external impedance, as the response of the latter to the current fluctuations in the former. 



The way in which quantum mechanics affect the laws 
ruling electrical circuits is presently understood only for 
some elementary situations. For instance, in the case 
of a quantum coherent nanostructure connecting two in- 
dependent electron reservoirs with a voltage difference 
V, quantum mechanics results in current fluctuations, 
the so-called shot noise, which at low frequency and 
zero temperature have a spectrum of the form S — 
2eVGo Ti{l — Ti) , where the {ri} are the transmissions 
of the conduction channels and Go = 2e^/h is the con- 
ductance quantum 0|. The reduction of noise with in- 
creasing transmission as (1 — t^) is a consequence of the 
Fermi statistics in the reservoirs, a prediction which has 
been tested quantitatively in different types of nanostruc- 
tures 1^. Another important consequence of quantum 
mechanics is that Ohm's law does not apply when two 
elements are connected in series, because each element is 
not simply voltage biased. The phase across each element 
(j) = ^ J v{t)dt, where v{t) is the voltage drop, devel- 
ops quantum fluctuations, and the electrical properties of 
the series-connection cannot be inferred from the conduc- 
tance of the separate elements. More generally, the phase 
differences add in series, and parallel connected branches 
share the same phase, but the general rules to predict 
the properties of the whole circuit from those of the con- 
stitutive elements are not known, except for macroscopic 
electromagnetic impedances. When a low transmissive 
nanostructure, i.e. one with negligible noise reduction, is 
connected in series with a macroscopic impedance Z{lu), 
the conductance of the series circuit is suppressed at 
sufficiently low voltage and temperature ||^. This phe- 
nomenon, called environmental Coulomb blockade, has 
been thoroughly investigated in small metallic tunnel 
junctions [Q. How is this phenomenon modified in the 
case of a coherent structure whose transmissions Ti ap- 
proach unity? One might speculate that a noiseless struc- 
ture cannot be "felt" by the series impedance Z{llj), and, 
reciprocally, should not be affected by its presence. We 



show here that this naive reasoning which predicts the 
restoration of Ohm's law at large transmission is correct, 
and more precisely that Coulomb blockade is modified in 
the same way as shot noise. 

In this Letter we address the simple case of a single 
channel quantum point contact with transmission r con- 
nected in series with a macroscopic impedance Z{u}). We 
develop a theory of the environmental Coulomb blockade 
which permits to analyze the current-voltage character- 
istic at arbitrary transmission for a generic frequency- 
dependent impedance. We show that in the limit of low 
impedance Z <C 1/Go the blockade is intimately con- 
nected with the fluctuations in the current through the 
channel. 

A single channel contact of arbitrary transmission be- 
tween two electrodes can be modeled with a simple 
Hamiltonian resembling the usual tunneling Hamiltonian 
for a tunnel junction The coupling to the environ- 
ment can be then introduced in the usual way , which 
leads to a model Hamiltonian H — Hl+Hr + Ht, where 
Hl,r describe the uncoupled left and right leads, char- 
acterized by flat densities of states pl,r — I/ttW and 

Ht ^'^TQc]^^CRaK+ h.c, (1) 

describes the transfer of an electron between the leads in 
terms of a hopping element Tq. The translation opera- 
tor Ae — e*"^ , where (j) is the phase operator satisfying 
the commutation relation [Q, (jj] = ie, takes into account 
the change in the charge Q of the environment associated 
with the transfer process. If the coupling to the environ- 
ment is neglected the normal transmission of this model 
is given by r = 4/5/(1 + Pf, where P = [T^/Wf @. 

We are interested in calculating the current through 
the channel under a constant bias voltage V in the pres- 
ence of the environment. The current operator within 
this model is given by 
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In order to evaluate the mean current we use the 
Keldysh formahsm |^ which is suitable for calculating 
averages in a non-equilibrium state. The mean current is 
formally given by 
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where Tc is the chronological ordering operator along the 
Keldysh contour, // is the current operator in the interac- 
tion representation and S'c(oo, —oo) is the corresponding 
evolution operator along the closed time contour. Intro- 
ducing the series expansion of Sc in terms of Ht and 
applying Wick theorem we obtain a perturbative expan- 
sion for the evaluation of the current which can be ex- 
pressed in terms of Keldysh Green functions. The lowest 
order diagrams within this theory are depicted in Fig. 
la. In these diagrams we associate a full line with an ar- 
row to the electron propagators for the uncoupled leads 
(denoted below by g^'^), crosses indicate hopping events, 
and wavy lines correspond to the environment correlators 
given by 
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where a,/3 = -t-, — indicate the branch on the Keldysh 
contour for the two time arguments, and J"''^ are the 
phase correlation functions 



> - < 



> 



As usual, we assume that the modes in the environ- 
ment (or photon states) are populated according to the 
equilibrium distribution at a given temperature. In this 
case J"'^(t,i') = J°'^'^{t - t'). 

The evaluation of the complete perturbative series is 
a formidable task. One can, however, obtain useful re- 
sults in the limit of weak impedance Z <^ I/Gq. In this 
limit P""'^ can be approximated by 1 -f J"'''. To the 
first order in J"''' one obtains the family of diagrams de- 
picted in Fig lb, where the phase correlation functions 
are represented by a dashed line. These diagrams cor- 
respond to single "photon" processes and can be associ- 
ated into four groups depending on the types of hopping 
event (left to right or right to left) connected by the wavy 
line. By introducing renormalized electron propagators 
and renormalized hopping amplitudes each one of these 
groups gives rise to a diagram like the one depicted in 
Fig. Ic. The remaining part of the calculation relics in 
obtaining the expression of these diagrams in terms of 
Keldysh Green functions. 

A further simplification of the calculation is obtained 
by considering the wide band limit, i.e. to assume that 
the electron band width is much larger than all other 



relevant energy scales involved in the problem. Within 
this approximation the propagators for the isolated leads 
are given by 
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where JlA'^) ^'^^ Fermi distribution functions on 
the left and right lead respectively. 

Another basic ingredient in the calculation is the con- 
volution of electron propagators with phase correlations 
Sg2'^{ijj) = J duj' J"''^ {uj')g1'^{uj + oj'). In the wide band 
limit these can be approximated as 
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where /^^^(w) = / duj' J{uj')fL.Ri^±^'), J{^) = {^) 
being the Fourier transform of the phase correlation func- 
tion. 

For an energy independent transmission coefficient one 
then obtains the following expression for the correction 
to the current induced by the environment: 



SI{V) = -r(l -t)J duj [Mu) {f^icu) - ftiuj)) 

~fLico){fj,ico)-f+{Lu))] 

+ ^r'l d^[h{^) (/^-(c.)-/+(c^)) 

^fniLo){fj,XLo)~f+{u))]. (7) 

By analyzing the Fermi factors, this expression can be 
decomposed as SI ~ 51^ — SI^, where SI^ and (5/^ 
correspond to currents flowing in the two opposite direc- 
tions. Both terms can be interpreted as arising from the 
coupling between the contact current fluctuations and 
the phase fluctuations due to the finite impedance of the 
environment. In fact, as described below, this expres- 
sion can be directly related to the current fluctuations. 
In the absence of environment the noise spectrum in a 
single channel contact is given by 

S(V, n) = ^r(l -T)Jdcj [fR{Lu) (1 -fLiuJ + n)) 

+/L(c^)(l-/fl(c^ + ^^))] 

+ \r' J dw [fL{io) (1 - /i(c^ + r!)) 

+fR{io) (1 - /fl(^ + m 

+ ^ -rj] . (8) 

On the other hand S{V, fl) = J dte^^^ [K{t) + K{-t)\ 
where K{t) =< /(t)/(0) > - < P > is the current 
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correlation function. By comparing Eqs. and (H) we 
arrive to the simple relation 



e{SI^ +SI^) 



dtJ{t) [K{t) - K{-t)] . 
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This expression can be considered as a generalization 
of the fluctuation-dissipation theorem to the present non- 
equilibrium situation. As in the low impedance regime 
the coupling between the contact and its environment 
is of the form I(f> we expect this result to be valid 
for a generic situation with the same type of system- 
environment interaction. In particular the result (|^) 
would apply for any mesoscopic conductor that can be 
modeled as a collection of channels. 

In order to understand the effects on the I — V char- 
acteristic it is instructive to consider first the case of an 
environment with just a single mode at zero tempera- 
ture, for which J{uj) = ttGoZo{5{uj - wq) - <5(w))/2 §. 
For this model the conductance exhibits a discontinu- 
ity at eV — tkuQ. For eV < Hloq there is a reduction 
in the conductance SG — —ttG^Zqt{\ — r)/2 while for 
eV > hujo, 6G — 0. This simple case shows that the 
blockade is proportional to shot noise and vanishes at 
perfect transmission. 

In the general situation the environment is character- 
ized by a complex impedance Z{uj). The phase correla- 
tion function is related to the impedance by the expres- 



J{t) = Go diu 



ReZ(cj) e^"* - 1 
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which at zero temperature leads to a correction in the 
differential conductance given by 



G(l 



r) 



dijj 



ReZ(w) 



eV 



(11) 



This is the same result one obtains for a tunnel junction 
except for the reduction factor (1 — r). In the simple but 
realistic case in which the impedance Z{lj) is composed 
by the resistance R of the leads embedding the contact 
in parallel with the capacitance G of the contact itself, 



Ziuj) = R/{1 + iujRC), and the integral in (11) yields 



^ = -Goi?(l-r)ln^ 
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where ojr = 1/RG. For finite temperature SG can be 
evaluated numerically from Eq. (|^). Fig. 2 shows the 
evolution of the correction to the differential conductance 
with temperature. For an energy independent transmis- 
sion the temperature dependence is the same as for a 
tunnel junction except for a a global factor (1 — r). For 
increasing temperatures the dip in the conductance at 
zero bias is progressively washed out. 



The multichannel extension of these results is straight- 
forward. One can for instance analyze the case of a diffu- 
sive conductor by replacing the reduction factor (1 — t) 
by its average over many channels (which in the diffusive 
case is known to be 1 /3) and R by the resistance of the 
conductor itself ||l3|. This analysis leads to quantitative 
agreement with recent experimental results . 

As a final remark we would like to stress that the re- 
sults of the present theory can be thoroughly tested ex- 
perimentally using atomic contacts that can be produced 
by scanning tunneling microscope or break junction tech- 
niques These contacts accommodate a small num- 
ber of channels, and the ensemble of the transmissions 
{Ti} can be determined experimentally and varied over a 
wide range including the r ^ 1 limit ||ll[. Moreover, the 
impedance of the environment embedding such contacts 
can be tuned within a desired range using nanolithogra- 
phy ||l^ . Experimental work along these lines is currently 
under progress. 

In conclusion we have presented a theoretical analy- 
sis of the environmental Coulomb blockade in coherent 
nanostructures. We have considered the weak blockade 
regime and showed that the corrections in the current- 
voltage characteristic can be related to the structure 
current fiuctuations. The blockade vanishes at perfect 
transmission as r(l — r), in the same way as shot noise. 
The temperature dependence of the conductance is sim- 
ilar to the one observed in ultrasmall tunnel junctions. 
The present calculation provides a first step towards the 
understanding of Coulomb blockade effects in coherent 
nanostructures. Although derived for a particular model 
it has been argued that the expression (|^) is more general 
and valid for a generic mesoscopic conductor coupled to 
an arbitrary external impedance. The strong blockade 
limit could be addressed through the analysis of multiple 
photon processes along the lines suggested in this work. 
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FIG. 1. Diagrammatic expansion ol the current in the 
Keldysh formalism: a) Unlabeled lowest order diagrams in 
Ht- Full lines with an arrow indicate electron propagators, 
crosses indicate hopping events and wavy lines correspond 
to environment correlators, b) Single photon processes up 
to second order in Ht- Dashed lines indicate phase corre- 
lation functions, c) Renormalized diagrams arising from the 
addition of single photon processes up to infinite order in the 
hopping. Double full lines with an arrow indicate dressed elec- 
tron propagators and shaded circles indicate dressed hopping 
amplitudes. 
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FIG. 2. Correction to the conductance of a single conduc- 
tion channel with transmission r due to an ohmic environment 
for different temperatures fcsT — (full line), 0.005 (dotted 
line), 0.01 (short dashes) and 0.02 (long dashes) in units of 
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